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FOREWORD 

This'.report  explores  the effect of fog and  cloud droplets on aircraft wake 
vortex decay rate. The question  was  originally  posed by Dr. Vern Rossow of 
the NASA Ames  Research  Center. The report is exploratory and  should be 
considered  preliminary. 

The research was conducted by Dr. T. H. Moulden and Dr. Walter  Frost 
at  the  University of Tennessee Space Institute  under  the  technical  direction of 
Dr. George H. Fichtl of the NASA Marshall Space Flight  Center.  Resources 
for the conduct of the  effort were made  available by Mr.  John Enders of the 
Aeronautical  Operating  Systems  Division, Office of Advanced Research and 
Technology, NASA Headquarters. 
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Notations 

a 
C 

d./dx 

e (or exp)  

g 
i 

k , b l  
m 
n 
t 
U 

X 

p a r t i c l e   r a d . i u s  
w i n g  chord .  
a n  operation from t h e  differential c a l c u l u s  
t h e   f u n c t i o n  d.ef.ined. b y  d.e(x)/dx -= e(x)  
g r a v i t a t i o n a l  acceleration 
q u a n t i t y   w i t h   t h e   p r o p e r t y  i =-1 
constants  
p a r t i c l e  mass 
ind.ex 
time 
p a , r t i c l e   v e l o c i t y  
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I. I n t r o d u c t i o n  

I t  h a s  been s u g g e s t e d   t h a t  t h e  t r a i l i n g  v o r t e x   s y s t e m  

behind .  a n  a i rcraf t  may d.ecay more r a p i d l y  when fog is p r e s e n t  

i n  t h e  a tmosphere .   Such  a n  effect is of s ignif icance t o  

a i r p o r t   s c h e d u l i n g   w h e r e  t h e  hazards t o  a i rc raf t  o p e r a t i o n  

associated w i t h   t h e  s t rong  v o r t i c e s  generated b y   t h e   c u r r e n t  

class of large j e t  a i rc raf t  r e q u i r e  time c o n s u m i n g   s e p a r a t i o n  

dis tances  between s u c c e s s i v e  1and . ings  and. take-offs. As 

a i r p o r t s  become more congested., t h i s   s i t u a t i o n  creates f l i g h t  

d . e l ays  and. f i nanc ia l  penalt ies.  T h u s ,   t h e r e  is ample need. 

t o  s tud .y  a l l  p o s s i b l e   c o n d . i t i o n s   u n d . e r  which t h e  ra te  of 

v o r t e x   d . e c a y  is increased.. 

The mechanism by  which fog d r o p l e t s   w o u l d .  a l t e r  t h e  

rate of v o r t e x   d . e c a y  is n o t  f u l l y   u n d . e r s t o o d . .  One  can e n v i s i o n  

t h a t  t h e  acceleration of t h e  water droplets as t h e y  first 

enter t h e  vo r t ex   wou ld   r emove   ene rgy  from t h e  flow and retard. 

its c i r c u m f e r e n t i a l   v e l o c i t y .  Once  t h e  droplets are 

e n t r a i n e d .  i n t o  t h e   v o r t e x   e n v i r o n m e n t   t h e y  w i l l  absorb v e r y  

l i t t le ad.d.itiona1 energy--save  for a r e d i s t r i b u t i o n  of t h e  

v o r t e x   v e l o c i t y   p r o f i l e  as particles near t h e  center of t h e  

v o r t e x  migrate towards t h e   o u t e r   r e a c h e s .   T h i s   p a r t i c l e  

motion w i l l  be d i s c u s s e d .  i n  d.etai1 later. Due t o  t h e  i n t ro -  

d .uc t ion  of t h e  water d.roplets, t h e  f l u i d .   h a s   a s s u m e d .  a two- 

p h a s e   c h a r a c t e r  a n d  may well s u f f e r  some c h a n g e  i n  apparent 

p h y s i c a l   p r o p e r t i e s " ) .   T h u s ,  a n  e q u i v a l e n t   f l u i d .   v i s c o s i t y ,  

t ak ing  i n t o  a c c o u n t   t h e   i n f l u e n c e  of p a r t i c l e s  on  t h e   t u r b u -  

l e n t  ed.d.y v i s c o s i t y ,   c o u l d .  be def ined .  w h i c h ,   i n t u i t i v e l y  



s u g g e s t s  a r e t a r d a t i o n  of t h e  v o r t e x ,   b u t   p h y s i c a l l y  may 

p r o d u c e  higher  R e y n o l d s   n u m b e r s   t h u s   g i v i n g  greater i n e r t i a  

t o  t h e  two-phase flow and. t h u s   s u s t a i n  t h e  v o r t e x  l i f e .  

Another effect t h a t  may operate t h e  phenomeliuu of 

v o r t e x   b u r s t i n g ( 2 9 3 ) ,  Due t o  t h e  changes i n   p h y s i c a l  proper- 

t ies and. i n  t h e  v e l o c i t y  p ro f i l e s  b r o u g h t   a b o u t   b y  t h e  water 

c o n t e n t ,  i t  is possible t h a t  v o r t e x   b u r s t i n g  would.   occur  

p r e m a t u r e l y .  As t h e  und .ers tand . ing  of v o r t e x  break-d.own 

is n o t  well d.ocumented.,   very l i t t l e  can be said. on t h i s  

p o i n t  a t  present, b u t   s t a b i l i t y   t h e o r y  d.oes p o i n t  o u t  t h e  

s i g n i f i c a n c e  of t h e  local v e l o c i t y   g r a d i e n t s .  I t  is, however ,  

f e l t  t h a t  a s o l u t i o n  of t h e  f u l l   S t o k e s - N a v i e r   e q u a t i o n s  w i l l  

be n e c e s s a r y  before t h i s  problem of v o r t e x   b u r s t i n g   c a n  be 

f u l l y   a p p r e ~ i a t e d , ' ~ ) .  I t  is urged.  t h a t  s u c h  a s tud .y  be 

und.er taken .  

I n  t h e  p r e s e n t   r e p o r t ,  some comments are mad.e concerning 

t h e  motion of n o n - i n t e r a c t i n g  spherical par t ic les  i n  a 

v o r t e x - t y p e  flow. The remarks are mad.e i n  t h e  context  of 

a n  e x p l o r a t o r y   e x p o s i t i o n  ra ther  t h a n  of a d . e f i n i t i v e   s t u d . y .  

Engough is said, ,  however ,  t o  c l a r i f y  t h e  d.irection t h a t  f u t u r e  

s t u d i e s   s h o u l d .  take. 
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11. P r e l i m i n a r y  Remarks 

B e f o r e  embarking u p o n   t h e   s t u d y  i n  hand., a remark  

concerning t h e  na tu re  of fog is i n  order. 

Accord.ing t o  T v e r k o i  ( 5 )  t h e   d i s t r i b u t i o n  of water 

d r o p l e t   r a d i u s  i n  a fog is c h a r a c t e r i z e d .  as i n  F i g u r e  1. 

T y p i c a l l y ,   t h e  mean p a r t i c l e   h a s  a r a d i u s  a=8 x l O w 4 c m  and 

a mass m = 2 x 10 gm. I t  w i l l  be assumed i n  t h e  present 

s t u d . y   t h a t  t h i s  median v a l u e  is i n d e p e n d e n t  of t h e  l i q u i d .  

water content  p r e s e n t  i n  t h e   a t m o s p h e r e .   T h i s  may n o t  be the 

case when t h e  a t m o s p h e r e  is v e r y  near to its d.ew p o i n t .  

-9 

When free t o  f a l l  i n  a still a t m o s p h e r e ,  t h i s  p a r t i c l e  

of mean d.iameter w i l l  h a v e  a mot ion  described by t h e   e q u a t i o n :  

d.u - =g- 6naup 
d. t m 

I n  t h i s  e q u a t i o n ,  u is t h e  v e l o c i t y  of t h e  par t ic le  a t  time 

t. T h e   f l u i d .   v i s c o s i t y  coefficient is d.enoted. b y  p. I t  

is assumed i n  w r i t i n g  e q u a t i o n  (1) that  t h e  p a r t i c l e   e x p e r -  

iences a r e t a r d i n g  force g i v e n   b y   S t o k e s '   f o r m u l a  (6) fo r  

t h e  slow motion of s p h e r i c a l  bod.ies. Due t o  t h e  smallness of 

a ,  s u r f a c e  t e n s i o n  d.ictates t h a t  t h e   p a r t i c l e  is essent ia l ly  

s p h e r i c a l .   E q u a t i o n  (1) r e a d . i l y   s o l v e s  t o  show: 
1. 

f o r  a p a r t i c l e  a t  rest a t  t = 0 .  T h i s   v e l o c i t y  is plotted.  

as a f u n c t i o n  of time on F i g u r e  2. Also inc luded .  on t h i s  f i g u r e  

( for  compar i son  w i t h  later s t u d i e s )  is the n u m e r i c a l   s o l u t i o n  

t o  e q u a t i o n  (1) obtained by  means of a second order Runge-Kutta 

t e c h n i q u e .  
3 
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The terminal v e l o c i t y  for  t h i s  mean diameter p a r t i c l e  

is 0.81 cm/sec g i v i n g  a terminal Reynolds   number of 0.01. 

The Stokes flow a s s u m p t i o n  is t h u s  seen t o  be i n  order. 

The adequacy  of the n u m e r i c a l   s o l u t i o n  is a l so  e v i d e n t  from 

t h e  plot  of F i g u r e  2 and. t h i s  o b s e r v a t i o n  is pe r t inen t  t o  

t h e  s u b s e q u e n t  work. 

If t h e  characteristic v e l o c i t y  uc= mg/6q~a a n d  characteristic 
2 time tc= rn/6nwa are d e f i n e d .  t .hen the  Fr0ud.e  number Fd, uC. /ga 

a n d  t h e  Reynolds  number  Re=ucap/w re la te  by t h e  e q u a t i o n  

R e  = ~ D F ~ , / ~ D ~ .  E q u a t i o n   ( 2 )  ind.icates t h a t  when t = t, t h e n  

u is a p p r o x i m a t e l y  33% of u c .   C l e a r l y ,  tc= Fd,a /Rey so  
2 t h a t  fo r  fixed. p h y s i c a l  c o n d i t i o n s  i n  t h e  problem tc-a . 

2 
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111. Forces. on a S p h e r i c a l  Par t ic le  

F i g u r e  3 i l l u s t r a t e s  t h e  coordinate system  employed.  a n d  

t h e  forces act ing on t h e  particle. F o u r  forces w i l l  gove rn  

t h e  motion of t h e  par t ic le .  T h e s e   i n c l u d e  t h e  grav i ta t iona l  

force, t h e  l i f t , d rag  a n d   c e n t r i f u g a l  forces. From t h e  onset i t  

is assumed t h a t  t h e  f l u i d  motion is laminar i n  n a t u r e  so that  t h e  

i n f l u e n c e  of a t u r b u l e n t   s t r u c t u r e  on t h e  p a r t i c l e  motion n e e d  

n o t  be consid.ered.. I t  is f u r t h e r   a s s u m e d .  t h a t  t h e  par t ic le  

is s p h e r i c a l  and. of u n i f o r m   c o m p o s i t i o n .   B e c a u s e  of t h i s  

a s s u m p t i o n ,  t h e  p a r t i c l e  motion may be treated. as t h a t  of a 

p o i n t  mass. T h e   p a r t i c l e  w i l l  e x p e r i e n c e  n o  t o r q u e .   D e s p i t e  

t h e  fac t  t h a t  t h e  local  v e l o c i t i e s  i n s i d . e  t h e  v o r t e x  may be 

consid.erable, i t  w i l l  still  be assumed. t h a t  t h e  d.rag force 

experienced by t h e  par t ic le  is g i v e n   b y  Stokes'  fo rmula .  

As t h i s  e q u a t i o n  is l i n e a y .  i n  t h e  r e l a t i v e   v e l o c i t y   b e t w e e n  

t h e  s p h e r e  a n d  t h e  f l u i d . ,  w e  a r e  a t  l i b e r t y  t o  r e s o l v e  t h e  

drag force s i m p l y   b y   u s i n g  t h e  v e l o c i t y  components. P o s s i b l y  

d u r i n g  t h e  i n i t i a l  p h a s e  m o t i o n ,  when t h e  r e l a t i v e   v e l o c . i t y  

between f l u i d .   a n d .   p a r t i c l e  is large, a more a c c u r a t e   e x p r e s s i o n  

for t h e  drag  force would. be i n  ord.er. However, i n  view of t h e  

large s implif icat ions invo lved .  w i t h   t h e  a s s u m p t i o n  of laminar 

motion, i t  is fe l t  t h a t  s u c h   a n  e laborat ion would be misleading 

and. inappropriate.  

I n  t h i s  s tud .y  it is assumed. t ha t  t h e  v o r t e x  ax i s  is hori-  

z o n t a l  so  t h a t  t h e  g r a v i t a t i o n a l  force which acts d.0wnward.s is 

p e r p e n d A c u l a r  t o  t h e  axis  of t h e  v o r t e x .  

5 



Due t o  t h e  c u r v a t u r e  of t h e  s t r e a m l i n e s  w i t h i n  t h e  v o r t e x  

there is a force induced. on t h e  particle which is d.irected. 

towards t h e  c e n t e r  of t h e  v o r t e x .   W i t h i n  first ord.er a c c u r a c y  

t h i s  force is s ta ted .as 2npa  w {r. Here w is t h e  r e l a t i v e  3 2  

( , m  

v e l o c i t y   c o m p o n e n t   i n  t h e  a s i m u t h a l  d i rect ion and. r t h e  

distance of t h e  pa r t i c l e  from t h e  v o r t e x   c e n t e r .  F i n a l l y ,  

there is a c e n t r i f u g a l  force a c t i n g  r a d i a l l y  ou twards .  

I t  is u s e f u l  t o  compare t h e  magnitud.es  of t h e  v a r i o u s  

force components .  To do t h i s  w e  n o t e  t h a t  t h e  force components 

can be w r i t t e n :  

F = X1(W-w) -g 
g 

where 

For t h e  s t and .a rd .  s ize par t ic le  it  follows t h a t :  

3 -1 h, = 1.2. X 10  sec ;A,= 0.00559 

Thus w i t h  t h e  exception of p o s i t i o n s   v e r y  close t o  t h e  v o r t e x  

core (r<<l) t h e  drag  force pred.ominates t h e  motion. As a 

r e s u l t  i t  is expected t h a t  t h e  particles w i l l  accelerate r a p i d . l y  

t o  t h e  loca l  flow c o n d . i t i o n  and. then move e s sen t i a l ly  w i t h  t h e  

streamlines of t h e  flow. 

I t  shou ld .  a l so  be poin ted .  o u t  t h a t  t h e  par t ic le  mass 

o n l y  enters e q u a t i o n s  (3) v i a  t h e  drag term (Al). Here 

t h e  r e l a t ionsh ip  is a n   i n v e r s e   o n e  so  t h a t  t h e  h e a v i e r  par t ic le  

resp0nd.s  more s l o w l y  t o  t h e  f l u i d .   m o t i o n .  

6 



O f  course i n  the  real flow where the  motion is turbulent ,  

these  conclusions would. need. some modif icat ion.  

7 



Iv. On a Mod.el for  t h e  V o r - t e x -  F l o w  

L e t  w = ( e ,  q y c )  be t h e  v o r t i c i t y   v e c t o r   i n   c y l i n d r i c a l  - 
coord.inates (z , r ,Q).  If i n   a d . d . i t i o n ,  t h e  v e l o c i t y   c o m p o n e n t s  

are (U,V,W,) then f o r  a flow t h a t  is a x i a l l y   s y m m e t r i c ,   g i v e n  

by t h e  c o n d . i t i o n  3/30 rO, i t  follows t h a t  ( 8 ) .  

The c o n t i n u i t y   r e q u i r e m e n t  

is sat isf ied b y  a s t r e a m f u n c t i o n  Y s u c h  t h a t  

U e r = - ; V =  1 aY -1 3Y 
F3E 

The present  m o d . e l  of a l i n e   v o r t e x  w i l l  ad.mit v a r i a t i o n s  

i n  a l l  three v e l o c i t y  components (U,V,W) b u t  makes t h e  

a s s u m p t i o n  t h a t  t h e  v o r t i c i t y   v a n i s h e s  i n  t h e  ( r , z )  plane. 

T h i s  d.emand.s t h a t  0 ; t h e n  w e  f i n d .  : 

where X = @/r d.enotes a modi f ied .  s t r e a m f u n c t i o n .  

If i t  were f u r t h e r  assumed. t h a t  both 4 and. id .en t ica1l .y  

v a n i s h ,  t h e n  it would. follow t h a t  Wr= const;  i n  c o n f o r m i t y  

w i t h  t h e  p o t e n t i a l   v o r t e x  flow. However , to   remove t h e  

s i n g u l a r i t y  on t h e  ax is ,  t h e  r e s u l t   g i v e n   b y  Lamb (9) 

Wr = 2n 
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has been ad.opted.. Away from the v o r t e x  core, t h e  flow is 

again e s s e n t i a l l y  i r ro ta t iona l .  

I n  t h i s  mod.e1 of t h e   v o r t e x  flow it is i n t e r e s t i n g  t o  

note t ha t  the flow i n  t h e  ( r ,z)  plane (i. e. ,  t h e  U,V 

v e l o c i t y  components) is c o m p l e t e l y   u n c o u p l e d .  from t h e  motion 

i n  t h e  a s i m u t h a l  direction. T h e r e  is, t h e n ,  n o  mechanism 

fo r  t h e  s i n g u l a r i t y  on t h e  ax is ,  t h a t  is e v i d . e n t  from t h e  

s o l u t i o n  w - l/r, t o  be removed  by an  a x i a l  v e l o c i t y  component 

along t h e  ax i s  (lo). T h i s  l a t t e r  c o u p l i n g  is t h e  p r o v i n c e  

of t h e  v i s c o u s   n a t u r e  of t h e  flow: which is ignored. h e r e i n .  

I t  was s u g g e s t e d .   b y  Moore and Sa f  fman and. conf i rmed .  (11) 

e x p e r i m e n t a l l y  (12), a t  l eas t  fo r  one v a l u e  of Reyno1d.s  number, 

t h a t  t h e  a x i a l   v e l o c i t y  along t h e  core of a t r a i l i n g  laminar 

v o r t e x  can be e x p r e s s e d .  as:  

where a is t h e  wing  i n c i d . e n c e  i n  d.egrees and. c t h e  w i n g  chord. 

l eng th .  R e  is t h e  R e y n o l d s  number of t h e  flow based. upon 

t h e  w i n g  chord. and. is s u f f i c i e n t l y  small f o r  t h e  v o r t e x  flow 

t o  be laminar. Hence,  f a r  from t h e  w i n g  i t  is e x p e c t e d  t ha t  

t h e  ax ia l  v e l o c i t y  w i l l  d e c a y  as t h e   i n v e r s e   s q u a r e  root 

of t h e  a x i a l  d i s t a n c e .  The d.ata (12) shows t h a t  e q u a t i o n  (6)  

loses its v a l i d . i t y  'close' t o  t h e  w i n g  (z/c<lOO). 

I n  t h e  p r e s e n t   s t u d . y ,   e q u a t i o n  (4) is s o l v e d   u n d e r  a n  

assumed. i n i t i a l   d . i s t r i b u t i o n  of ax ia l  v e l o c i t y .   T h e   i n i t i a l  

v a l u e  t o  be ad.opted. for  u/Um is still  i n  q u e s t i o n   b u t   c o u l d .  

be selected so as  t o  s a t i s f y  equa t ion  (6)  i n  t h e  f a r  f i e l d . .  
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U s i n g  a F o u r i e r - B e s s e l  expansion, i t  is readi ly  found that  
00 

where 

w i t h  pn t h e  zeros of Jo(pnR) = 0 

and. U o ( r )  is t h e  assumed. i n i t i a l  ax i a l  v e l o c i t y   d . i s t r i b u t i o n .  

An expression l ike  
kl 

= 
l+k r 2 2  

has t h e  correct form f o r  s p e c i f i e d  a rb i t r a ry  c o n s t a n t s  k a n d  kl. 

The f a r  f i e l d .  b o u n d . a r y   c o n d i t i o n s   h a v e  been sat isf ied.  on 

r = R where R can be s e v e r a l  w i n g  chord. l e n g t h s  i n  magni tude .  

F u r t h e r   c o m m e n t s   c o n c e r n i n g  t h e  s o l u t i o n  of e q u a t i o n  (4 )  are 

contained. i n  t h e  Appendix.  

I t  is apparent from e q u a t i o n  (7) t h a t  t h e  a x i a l  v e l o c i t y  

component along t h e  axis  d i e s  away e x p o n e n t i a l l y  f a r  from t h e  

or ig in  of the  v o r t e x .  T h i s  r e s u l t s   c o n t r a s t s  w i t h  t h a t  

c o n t a i n e d  i n  e q u a t i o n  ( 6 ) .  A t y p i c a l   c a l c u l a t e d .   d i s t r i b u t i o n  

of axial  v e l o c i t y   c o m p o n e n t   a l o n g  t h e  ax is  is shown on F i g u r e  4. 

Also p lo t ted .  on t h i s  f i g u r e  is the  v a r i a t i o n  of axial  v e l o c i t y  

g i v e n  by t h e  approximation presented. i n  the Appendix ( e q u a t i o n A 3 ) .  
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The differences  between  the  exponential  and. inverse  square 

root decay  rates  is an ind ica t ion  of the   fashion i n  which the  

solution is inf luenced by the  inc lus ion of a v i scous  term. 

T y p i c a l   c a l c u l a t e d   a x i a l  and r a d i a l   v e l o c i t y  components 

are  shown i n  Figures  5 and 6 r e s p e c t i v e l y .  
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v. An 1 n d . i c a t i o n  of Particle Motion 

A s  a p r e l u d e  t o  embarking upon a d i s c u s s i o n  of t h e  

p a r t i c l e  motion w i t h i n  t h e  v o r t e x ,  some orders of magnitud.e 

of t h e  r e l e v a n t  terms c a n  be w r i t t e n  down. 

First, a comparison can be mad.e between t h e  response of 

t h e  p a r t i c l e  t o  a change i n  t h e  f l u i d .   v e l o c i t y  and. t h e  

i n f l u e n c e  of g r a v i t y .  For a par t ic le  s u b j e c t   o n l y  t o  a 

Stokes d.rag force, t h e  e q u a t i o n  of mot ion  states 

- = (Uw-U) 
d.u 6n a 
d. t 

i f  U is t h e  v e l o c i t y  of t h e  f l u i d .  environment ,  t h e n  eas i ly  
03 

which contains  a n  i d . e n t i c a 1   e x p o n e n t i a l  term t o  t h a t  i n  

e q u a t i o n  (2). H e n c e  t h e  r e s p o n s e  t o  g r a v i t y  and. changes i n  

f l u i d   v e l o c i t y  are enacted i n  t h e  same time scale. T h i s ,  of 

c o u r s e ,  is clear from t h e  p h y s i c a l  n a t u r e  of t h e  s i t u a t i o n  

as embod.ied. i n  t h e  r e s p e c t i v e  d i f f e r e n t i a l  e q u a t i o n s .  

I t  was s e e n  from F i g u r e  2 t h a t  t h e  time r e q u i r e d .  f o r  

u/um- 0.99 is t = 4.6m/61~pa s e c o n d s  or t = 3.82 x 10  sec -3 

fo r  t h e  s t a n d . a r d .   p a r t i c l e .  T h i s  s u g g e s t s ,  as  was noted. above ,  

t h a t  t h e  general m d e  of motion w i l l  be f o r  t h e  par t ic le ,  

i n i t i a l l y  a t  rest, t o  v e r y  r a p i d l y  accelerate t o  t h e  local 

f l u i d .   v e l o c i t y  and. t h e n  progress w i t h  t h e  f l u i d .   e n v i r o n m e n t .  
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Hence,  work done on t h e  par t ic le  w i l l  p r ed .ominen t ly  be o v e r  

the  v e r y   s h o r t  i n i t i a l  time period. associated w i t h   t h e   r a p i d .  

acceleration p h a s e  of t h e  motion. After t h i s ,  t h e  par t ic le  

motion w i l l  d . e v i a t e  little from t h a t  of t h e  f l u i d .  and. the 

ra te  of work is e x t r e m e l y  small. 

To d.escribe t h e  motion i n  more d.etai1, t h e   e q u a t i o n s  of 

mot ion  (3) were s o l v e d .   u s i n g  a second. ord.er a c c u r a t e  Runge- 

K u t t a  in tegra t ion  p r o c e d u r e .  The a c c u r a c y  of t h i s   s o l u t i o n  

a l g o r i t h m  as a p p l i e d  t o  t h e   c u r r e n t   t y p e  of p rob lem is shown 

i n  F i g u r e  2 and. was d i s c u s s e d .   p r e v i o u s l y .   T h e   v e l o c i t y  f i e l d  

U ,  V,  W of t h e   v o r t e x  was taken from t h e  s o l u t i o n   d . i s c u s s e d .  

above.  Then w i t h  FZ, Fr a n d  Fe as i n   e q u a t i o n  (3) w e  have  

- = Pz d.u 
d. t 

d.v - =Fr d. t 

- =Fe d.w 
d. t 

w = r -  d. 8 
d. t 

w h i c h   g i v e   t h e  par t ic le  p o s i t i o n .  

The  computer   program  d.eveloped.  t o  s o l v e  these e q u a t i o n s  

r e t u r n s   t h e   p a r t i c l e   p o s i t i o n ,   v e l o c i t y   c o m p o n e n t s ,  accelerations, 

and. t h e  t o t a l  work d.one on t h e  p a r t i c l e  as a f u n c t i o n  of time. 

F i g u r e  7 shows t y p i c a l  traces of t h e  work d.one on t h e  p a r t i c l e .  
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As expected from t h e  t e n t a t i v e   d . i s c u s s i o n  of t h e  n a t u r e  of t h e  

motion, t h e  rate of work is v e r y  large o v e r  t h e  i n i t i a l  time 

p e r i o d .  whi le  t h e  p a r t i c l e  a t t a i n s  t h e  f l u i d .   v e l o c i t y .  After 

t h i s ,  v e r y  l i t t l e  work is pe r fo rmed .  The traces of F i g u r e  7 

are fo r  p a r t i c l e s  of t h e  same mass and s t a r t i n g  from d i f f e r e n t  

a s i m u t h a l  posi t ions a t  t h e  same r ad ia l  d i s t a n c e  from t h e  

v o r t e x  axis.  I t  is seen t h a t ,  t o  first ord.er, there is little 

i n f l u e n c e  of a s imutha l  s t a r t i n g  pos i t i on  on t h e  work d.one. 

F i g u r e  8 shows how t h e  motion of par t ic les  of v a r i o u s  

masses progresses w i t h  time. A l l  par t ic les  start a t  t h e  same 

p o i n t  i n  t h e  v o r t e x .  
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VI. An E s t i m a t e  " . . . . . of t h e  T o t a l   E n e r g y  

L e t  6W be t h e  work d.one on a s ing le  p a r t i c l e .  If t h e r e  

are N particles i n  a volume d V  then t h e  t o t a l  work is 

W = , .  N 6Wrdrd.Bd.z 
dv R t 

=2nNUmlo J0 r 6wd.rdt 

as pointed o u t  before, t h e  i n t eg ra l  i n  time need o n l y  be 

carried. o u t   o v e r   t h e  i n i t i a l  acceleration p h a s e  of t h e  motion. 

I n  e v a l u a t i n g   t h i s   w o r k  in tegra l  i t  h a s  been assumed. 

t h a t  t h e  water content  of t h e  a i r  is contained. as a un i fo rm 

d . i s t r i b u t i o n  of mean sized. water d . r o p l e t s .  While n o t  r ea l i s t ic ,  

i n  l i g h t  of t h e  data p r e s e n t e d  i n  F i g u r e s  1 t h r o u g h  8, i t  

is ad .equate  for an o rd . e r -o f -magn i tud . e   ca l cu la t ion .  It  is 

a l s o  assumed, t h a t  t h e  work d.one is ind.epend.ent of a s i m u t h a l  

pos i t i on  (see F i g u r e  7) s o  t h a t  one i n t eg ra t ion  can be carried 

o u t   a n a l y t i c a l l y .  

U s i n g  a t y p i c a l   v a l u e  of l i q u i d  water content  (5) of 

0.2 gm/m , e v a l u a t i o n  of t h e  above  i n t e g r a l  g i v e s  

W/U,= 0.0022 Newton sec. 

3 

For t h e   v o r t e x  'flow alone, i t  is f o u n d .   t h a t  t h e  k i n e t i c  

e n e r g y / f r e e  stream v e l o c i t y  is 0.418 N e w t o n  sec. 

H e n c e ,  t h e   e n e r g y  change d u e  t o  t h e  acceleration of t h e  

p a r t i c l e s  is 0.53% of t h e  t o t a l  e n e r g y  content of t h e  vortex. 

I t  is f e l t  t h a t   t h i s  is a small fraction of t h e  v o r t e x   e n e r g y ,  

and. of itself, u n l i k e l y  t o  s t r o n g l y   i n f l u e n c e  t h e  vo r t ex   d . ecay .  
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In v i e w  of t h i s  result, it is c o n s i d . e r e d .  that  i f  water 

content i n  a vortex d.oes   ind.eed.  in f luence  vortex d.ecay  rates, 

then t h i s  must be e n a c t e d .   t h r o u g h  some mechanism other than 

energy a b s o r p t i o n   d . u r i n g   p a r t i c l e  acceleration. 
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VII. D i s c u s s i o n  

T h e   s t u d y  of particle mot ion  w i t h i n  a v o r t e x   e n v i r o n m e n t  

t ended- to  indicate a general outward. migration of p a r t i c l e s  

from the center of t h e   v o r t e x .   V e r y   h e a v y   p a r t i c l e s  t e n d  t o  

be more c o n s c i o u s  of g r a v i t y  and. f a l l  more d i r e c t l y   t h r o u g h  

t h e  vortex. Such particles are more rain-like and. n o t  t h e  

s u b j e c t  of t h e   p r e s e n t   s t u d . y .  

The two-phase n a t u r e  of t h e  flow implies changes i n  t h e  

p h y s i c a l   p r o p e r t i e s  of t h e  f l u i d . .   T h e s e  changes w i l l  manifest 

t h e m s e l v e s  as c h a n g e s  i n  t h e  k i n e m a t i c   v i s c o s i t y   t h r o u g h  both 

d . e n s i t y  and.  a b s o l u t e   v i s c o s i t y   v a r i a t i o n s .  Methods of esti-  

mating these p r o p e r t i e s  of two-phase   mix tu res  are d i s c u s s e d .  

i n  TWO c o n v e n t i o n a l   e x p r e s s i o n s  from‘l’are: 

where x is t h e  mass f rac t ion  of t h e  l i q u i d   p h a s e .   T a b l e  1 

shows t h e   p r e d . i c t e d   v a r i a t i o n  of p and. v w i t h  l i q u i d .  

mass fraction. The s i g n i f i c a n t  o b s e r v a t i o n  from t h i s  T a b l e  is 
t p ’  P t p  t P  

t h a t  v decreases w i t h  a n  increase of water c o n t e n t .  
t P  

T h e   i n f l u e n c e  of v i s c o s i t y  on t h e  v o r t e x   d . e c a y  was g i v e n  

b y   S q u i r e  , f o r  t u r b u l e n t  flow and b y  McCormack e t  a1 (13) (17) ’ 
for  l a m i n a r  flow. The l a t te r  r e s u l t  is: 

W 
2 

0 
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U s i n g  v a l u e s  from an e x a m p l e   c a l c u l a t i o n  of R e f .  (17), e q u a t i o n  

(11) p r o d u c e s   t h e   v o r t e x   d e c a y  effects shown i n  T a b l e  2. 

T h e   c a l c u l a t i o n s  indicate t h a t   t h e   m o l e c u l a r   v i s c o s i t y  

g i v e s   p r a c t i c a l l y  no v o r t e x   d e c a y  ( i n  20,000 f t )  a l t h o u g h  

what  l i t t l e  trend t h e r e  is g i v e s  a reduct ion  i n  d.ecay ra te  w i t h  

increasing water content. The  d.ecay predicted. b y   S q u i r e e s  

mod.el f o r  a t u r b u l e n t   v o r t e x  is shown i n  F i g u r e  10. T h i s  

f i g u r e  d.emonstrates t h e  effect  of v a r i a t i o n s  i n  ed.d.y v i s c o s i t y  

on the   d . ecay  ra te  i n  a n  a t t e m p t  t o  s i m u l a t e   t h e   t w o - p h a s e  

n a t u r e  of t h e  flow. Also shown i n  F i g u r e  (9 )  is e x p e r i m e n t a l  

d.at  a (14)f0r a v o r t e x   w i t h  t h e  same c i r c u l a t i o n  as  t h a t  ad.opted. 

i n  t h e  t h e o r e t i c a l   s t u d y .   T h e  large miss-match i n  s l o p e  may 

be due t o  t h e  fact  (as noted .  above  f o r  laminar v o r t i c e s )  t h a t  

t h e   t h e o r y  is o n l y   v a l i d .   v e r y  f a r  d.ownstream. 

B o t h   t h e o r i e s   p r e d . i c t  l a rge  increases i n  v o r t e x   d . e c a y  

r a t e  w i t h  increasing ed.d.y v i s c o s i t y ,  a l so ,  McCormack's e x p e r i m e n t a l  

d a t a  shows a s i g n i f i c a n t l y  larger  ra te  of d e c a y   t h a n   t h a t   c a l c u l a t e d  

for  laminar flow which  is a r e s u l t  of t h e  e d d y   v i s c o s i t y  of 

t u r b u l e n c e .  Hence  t h e   p r e s e n c e  of fog can still, c o n c e i v a b l y ,  

r e s u l t  i n  a more rap id .   d . ecay  of t h e   v o r t e x  i f  m o i s t u r e   s e r v e s  

to   en la rge  t h e  ed.d.y v i s c o s i t y   d . e s p i t e  its effect  on  m o l e c u l a r  

v i s c o s i t y .   T h e r e  is, however ,   ve ry  l i t t le information on t h e  

i n f l u e n c e  of water conten t  on ed.d.y v i s c o s i t y  and. conf l ic t ing  

r e p o r t s  on two-phase mixing l e n g t h s   g i v e  both larger a n d  smaller 

values"! I t  is known t h a t  t h e  l i q u i d .   p h a s e  d.oes s i g n i f i c a n t l y  

i n f l u e n c e  mean v e l o c i t y   p r o f i l e s  and. t h i s   i n d . i c a t e s   t h a t  i t  may 

exert a s t rong  effect  on t h e  ed.d.y v i s c o s i t y .  How t h e   d r o p l e t s  

would. in te rac t  w i t h  t h e  t u r b u l e n c e  ed.d.y s t r u c t u r e  is n o t  known. 

T h i s   p r o b l e m  remains t o  be re so lved . .  
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The  ou tward  migration of droplets w i l l  have  a tend.ency 

t o  c a u s e  a r e d . i s t r i b u t i o n  of the v o r t e x   v e l o c i t y   p r o f i l e   w i t h  

t h e  faster m o v i n g   v o r t e x  core being retard.ed. I t  is p o s s i b l e  

t h a t  t h i s  c o u l d   i n f l u e n c e  t h e  mechanism of v o r t e x   b u r s t i n g - -  

p a r t i c u l a r l y  i f  t h e  re la t ionship  between the  ax ia l  and t h e  

a s i m u t h a l   v e l o c i t y   c o m p o n e n t s  is d i s t r u b e d . .  Also t h e  re- 

d i s t r i b u t i o n  of t h e  droplets i n  t h e  d-ownstream d.irection r e s u l t s  

i n  a v a r i a t i o n  of t h e  m o l e c u l a r   v i s c o s i t y  across t h e  v o r t e x  

core. F u r t h e r   s t u d . y  is r e q u i r e d .  t o  und.ers tand.  these effects on 

v o r t e x   b u r s t i n g .   S t u d . i e s  on v o r t e x   s t a b i l i t y  (4 i n d . i c a  te 

t h a t  t h i s  phenomenon is c l o s e l y  related.  t o  t h e  v e l o c i t y   g r a d i e n t s  

w i t h i n  t h e  vo r t ex .   The   above  remarks s t r o n g l y   s u g g e s t  t h a t  t h e  

water c o n t e n t  i n  t h e  v o r t e x  w i l l  go some way towards d . i s t o r t i n g  

t h e  v e l o c i t y  profiles: and h e n c e   i n f l u e n c e  t h e  flow s t a b i l i t y .  

Another  e n e r g y   e x c h a n g e  mechanism may a l s o  be a t  work. 

T h e   m o i s t u r e   s a t u r a t e d  a i r  i n  t h e  h igher  p r e s s u r e   o u t e r  flow 

c o u l d .   s u f f e r   c o n d . e n s a t i o n  and. t h u s  be warmed., w h i l e  t h e  l o w  

p r e s s u r e  core f l o w  would. be cooled. w i t h  a t t e n d . e n t  e v a p o r a t i o n .  

T h i s  is a n  ad .d . i t iona1  fac tor  n o t  i n c l u d . e d .   i n  t h e  p r e s e n t  mod.el 

which may i n f l u e n c e  t h e  vo r t ex   d . ecay  r a t e .  

I t  is b e l i e v e d .  t h a t  a c o n s i d . e r a b l y  greater i n s i g h t  i n t o  

t h e  above  ment ioned .  effect  of fog on t r a i l i n g   v o r t e x   d . e c a y  

could .  be obtained. from a more sophisticated,  a n a l y s i s  of t h e  

N a v i e r - S t o k e s   e q u a t i o n  t h a n  t h a t  r e p o r t e d   u p o n  he re in .  
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~111. Concluding  Comments 

The above  exploratory remarks c o n c e r n i n g  t h e  n a t u r e  of 

v o r t e x  motion i n  an atmosphere c o n t a i n i n g  fog h a v e   b r o u g h t  t o  

l i g h t  certain facets of t h e  s i t u a t i o n  t h a t  would. merit f u r t h e r  

d.eliberation. Among these w e  may men t ion  t h e  following: 

1) The r e s u l t s  ind.icate t h a t  t h e  k i n e t i c  energy transferred. 

from t h e  v o r t e x  t o  t h e  par t ic le  d u r i n g  their  acceleration 

is small. Thus water d rop le t  a c c e l e r a t i o n  is n o t  l i k e l y  t o  

augment t h e  ra te  of v o r t e x  d.ecay. 

2)  T h i s  c o n c l u s i o n  d.oes n o t  e x h a u s t  t h e  p o s s i b i l i t y  t h a t  

other mechanisms of v o r t e x  decay w i l l  n o t  be accelerated, 

by t h e  presence of fog i n  t h e  f l u i d .  med.ium. The two- 

phase character of t h e  fog for  example c a n   c o n c e i v a b l e  

enlarge t h e  eddy v i s c o s i t y ,   e v e n   t h o u g h  a t  t h e  same time 

t h e  m o l e c u l a r   v i s c o s i t y  is decreased, and. t h u s   i n c r e a s e  t h e  

d.ecay rates or p e r c i p i t a t e  early v o r t e x   b u r s t i n g .  

3) The method. of t h e  above  a n a l y s i s  p r o v i d . e s  pred. ic t ions 

of t h e  v e l o c i t y  and pa r t i c l e  trajectories s u b j e c t  t o  t h e  

a s s u m p t i o n s  of small par t ic les  and. laminar i n v i s c i d .   v o r t e x  

flow. I t  is s u g g e s t e d .  t h a t  t h e  v i s c o u s  term shou ld .  be 

inc1ud.ed .   and .   tu rbulence   cons id .e red . .  

4)  The somewhat i n c o n c l u s i v e   f i n d i n g s  of t h i s  t e n t a t i v e   s t u d . y  

are  n o t  presented t o  imply t h a t  fog w i l l  n o t  e n h a n c e   v o r t e x  

decay, b u t  ra ther ,  t o  i l l u s t r a t e  t h a t  many unanswered. 

q u e s t i o n s   c o n c e r n i n g  t h i s  problem r e q u i r e   f u r t h e r   s t u d . y  

for r e s o l u t i o n .  
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Table 1 

Predicted  Variat ion of Phys ica l   Propert ies  
With Mass Fraction of Water 

X 

0 . 0 1  

0 . 0 5  

0 . 1 0  

0 . 2 0  

pTP 

0 . 7 0  

3 . 1 9  

6 . 3 0  

12 .50  

Cl'rP 

1 . 8 3  

4 . 3 6  

7 . 5 2  

13.84 

X 

'TP 

2 . 6 3  x 

1 . 3 7  

1 . 1 9  

1 . 1 0  
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Table 2 

X 

0 . 0 1  

0 . 0 5  

0.10 

Calculated Vortex Decay ra tes   us ing  McCormack's resu l t   (17 )  
and. Equation 11. 

4 dn(2) 
Ye Ye Z = 5,000 

Uo,(uorh) 

2 .63  x -2.62  5 .234 x 

1 . 3 7  -1 .36   2 .73  

1 . 1 9  -1.19 2 .37  

10,000 

-5 .23 

-2.73 

-2.37 

15,000 

-7 .84  

-4.09 

-3.56 

20,000 

-10.46 

- 5 . 4 5  

- 4 . 7 4  
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Append.ix S o l u t i o n  . of t h e  Vortex E q u a t i o n s  

I t  would. be most s a t i s f a c t o r y  i f  e q u a t i o n  (4) of t h e  

main t e x t  were s o l v e d .  fo r  a r e g i o n  of i n f i n i t e   r a d . i u s .   T h i s  

s o l u t i o n  can, of c o u r s e ,   r e a d i l y  be w r i t t e n  i n  terms of a 

Hankel t r a n s f o r m ,   t h e n  i f  
W 

A(p) = 1 r U o ( r )  Jo(pr)  d.r 
0 

A 1  

i t  follows t h a t  
W 

U ( R , z )  = vA(p) Jo(yr) exp (-pz) d.p A 2  
0 

w i t h  s imilar  e x p r e s s i o n s  for  v ,*  and. Q. 

If t h e  form 
U o ( r )  = k l / ( l + k  r 2 2  

is taken fo r  t h e  i n i t i a l  p r o f i l e ,  t h e  e q u a t i o n  A 1  in tegrates  

t o  y ie ld . :  k 
A(p) = 1 Ko(v./k) 

k2 
w i t h  K ( 6 )  t h e  mod.ified. B e s s e l   f u n c t i o n .  

0 

Some algebra t h e n  g i v e s  a n  e x p r e s s i o n  for U(r,z) i n  

terms of t ranscend,en ta l  f u n c t i o n s .   S p e c i f i c a l l y  w e  have: 

w i t h  8 = 2 ( l + i )  

Here r ( 6 )  and. F(n ,m;  %; 6 )  d.enote  t h e  gamma and.  hyper- 

geometric f u n c t i o n s   r e s p e c t i v e l y .  

I t  can e a s i l y  be d.emonstrated., however,  t h a t  t h i s  series 

o n l y   c o n v e r g e s  f o r  a mod.est range of r and. z and. is n o t  

s u i t a b l e  for  a g e n e r a l   s t u d y .  
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Attempts to  Solve the  above i n t e g r a l s  by  means of Abel 
(15 )  transforms were not mad.e. 

On the   ax is   equat ion A 2  i n t e g r a t e s   d . i r e c t l y  t o  g i v e :  

A series expansion than. takes  t h e  form 

u(o  9z)*  3(lfkz)2 4kl [ + 2 5 kzf l  kz-1 + 
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Figure 2 .  Motion of Mean Rad.ius P a r t i c l e  Und.er Gravity and. Stoke's Drag 
(Equation 2 ) .  
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F i g u r e  5. D i s t r i b u t i o n  of Axial  V e l o c i t y  Component A t  Different Stat ions  
Along t h e  Vortex. 
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Figure 7 .  Work Done on Part ic le  a s  a Function of I n i t i a l  Asimuthal Pos i t ion .  
For Vortex Discussed .  i n  Figures 4 , 5  and. 6 .  



0 a = 100 x cm 

a = 20 x cm 

a = 1 x cm ”- - 

F i g u r e  8. P a r t i c l e   P a t h s   f o r   T h r e e   D i f f e r e n t   P a r t i c l e  Masses. 

34 



0 

0 Data Poppleton  (Ref.  14) 

\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 

\ 
\ 
\ 
\ 
\ 
\ 

\ Squire a = 0 . 4 1  (Ref.  13) 
2 

\ 

0 \ 

0 

0 2 4  6 8 10 12 14 16  18 20 

z f t .  

Figure 9 .  Decay of Peak Velocity Along Axis of Vortex. 


